ASYMPTOTIC INVESTIGATION OF SEEPAGE FLOWS IN THE CASE
OF A POWER RESISTANCE LAW

V. M. Entov and M. G. Odishariya UDC 532.546

An asymptotic investigation of the problem of seepage under a dam in a layer of
ground of finite thickness is described. The solution and the physical charac-
teristics of the flow are presented.

We will consider plane seepage flow under a dam in a layer of ground of finite power R
with a power seepage law

grad H = — O (w)-wiw, O(w)=w*, £>0. 1

After mapping the plane of flow in the plane of the hodograph (w, 8) the problem reduces to
solving the equation

in the half strip 0w < o, =1/2 <8 <0 with the boundary conditions
Hiw, —/2) = H, (0<w<o); Hw, 0)= (H,+ H)2a <w<b);

(3)
How, 0)=0 O<Cw<e, bLw << ).
We will introduce as the new unknown
B, 8y — 2@ O —HL gy (4)

H2—H1
For h(w, 8) we have the problem
Wh,,., -+ why, - khge — a?h = 0,
hw, —n/2) =0, hy(w, 0) =0 OCw<a, b<Cw< ), {5)
hw, )=w=[w @wh)

Applying a Mellin transform with respect to the variable w and parameter s te problem (3),

we obtain for h*(s, 6) a differential equation, by solving which, taking intec account the
first conditions of (5), we obtain

h* (s, 0) = A(s)sinE (@ ++n/2), &=V (s2—a?)/k, (6)
h*&,ﬂ)zz}h(w,e)w&4dw. (7)
b

We will denote by f4(w) and f_(w) the unknown quantities hGw, 0) when 6 = 0, w > b and w < «,
respectively. Then, to obtain A(s) from the boundary conditions (5), we have

A(s)sin (wt/2) = @_(s) + 9, () + o (s); @)= ( f o dw,
b
a b
o_(s) = j' fws—dw, @4s) = 5 fos—1ldw = (55— as—)/(s — ), (8)
b

a

5
- A(s)Ecos (n/2) = 5 he(w, Oyws—ldw = X (s). (9)

Institute of Mechanics Problems, Academy of Sciences of the USSR, Moscow. Institute of
Mathematics, Academy of Sciences of the GSSR, Tbilisi. Translated from Inzhenerno-Fizicheskii

Zhurnal, Vol. 39, No. 5, pp. 893-900, November, 1980. Original article submitted October 12,
1979.

0022-0841/80/3905-1247$07.50 © 1981 Plenum Publishing Corporation 1247



In relations (8) and (9), X(s) and §o(s) are integer functions of the order of increase of
expsu, u =max |Ilna, lnb|; @4 isa function that is analyticalwhenRes<a +e(e>0);9 - is a
function that is analytical when Re s > ¢ — €, and both functions decrease in the correspond-
ing half planes. Functions with a similar analytical structure will henceforth be called
"plus" and "minus" functions, respectively. Eliminating A(s) from (8) and (9), we obtain
the equation

[0 () + .. () + o ()] E ctg (nE/2) = X (s). (10)

It contains three unknown functions ¢- ¢4, and X. Nevertheless, it is sufficient to deter-
mine all these functions, taking into account their analytical structure. Multiplying Eq.
(10) by b*"8, we have

[¥_(8) + V() + H_(NK(S) = Z_(s). (11)

Here Y_(s) = ba_s¢_(s), H_(s8) = ba_s¢°(s), Z_(8) = ba—sX(s) are minus functions, while Y+(s) =
b“'sm+(s) is a plus function. The coefficient K(s) can be factorized in the form

K (s) = Ecig (#/2) = K, (5) K_(s),

2 S — (12)
Ki(s)= l/ (@ & cth{ne/2)/ k) ll = s’V a2 k(2n—1)2] / (1 s/V o F 4kn?].
Here K, (s) and K_(s) are plus and minus functions, respectively. From (11) and (12) we
obtain ’
YK, +Y K, +HK =Z/K. (13)
Similarly, multiplying (10) by a® S and assuming that
V* = qe—sg_, Hi: ax—s@,, Zfl_: a* s X, Y:_z a e, (14)
we obtain
YK +Y, K +H. K =ZK,. (15)

It is obvious that the principal aspect is that the integer functions %, and X, after multi-
plication by b8, are minus functions, and after multiplication by a®8 are plus functionms,
whereas the class of functions 9_ and ¢4 do not change. It is also clear that

Vo= do—sY?, H_ = do—sHY, Z_=d*—Z} (d=bla, g= alb). (16)

Equations (13) and (15) hold in the band [Re (s —a)| < €. We will represent them in the form
Y+K+4—L++-D+::Z_/K_——L_——D_, (17)
V'K 4+ L' + D’ =Z/K,— L}, —D,. (18)

Here we will use the expansion of the functions YK, H_Ky, YiK_, HiK_, that are analytical
in the band [Re(s — a)| < e, in a sum of the plus and minus functions

Y K,=L,+ L, HK,=D,+D,

* £l ® ] * #* (19)
yin:L¥+L_,H+K;:D+4~DJ
which can be done using integrals of the Cauchy type [1, 2]
04 o0
L—x L7 0K, 000
2ni aab—io C_ s
L* — 4+ 1 sl aq’—gK_ (C)’(P-;(c) dg
E- . 7
20 gab—ic L—s
i 20
Di: N 1 o6 (1 _g;_a) K+(€) dg ( )
250 gabie (£—9)(E—a)
D :E i o4 0+iw (dt_.oc__ 1) K_(Q) d;
T 200 gsbie E—95)(E—a)
(0<<8<<e).
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The existence of the integrals is ensured by the behavior of the functions K,(s) (~V/s) at
infinity, and by a priori estimate of the behavior of the unknown functions ¢4 and ¢. (being
Mellin transforms of bounded functions, ¢4+ and ¢. approach zero as s - =), Equations (17)
and (18) are Wiener—Hopf equations, in view of which the functions

P(s) =Y, K,+ L++ D, Res<<a -+ §;

P(s)=Z_ /K —L —D_ Res>a—35,

. (21)
P¥(s)=Y*K_+ L'+ D", Res>a—7§;
P*(s) = Z:_/KJr— L:_— D:_, Re s<<a+8

are analytic integer functions of s. It 1s easy to show that they decrease at infinity and
hence, in view of Liouville's theorem, are identically equal to zero, In fact, it follows
from estimates for K: and ¢+ that Ly + 0 as [s{ + » and D+ + 0 as ls] + o, Finally, we have

Y, = bo—s ( foes—dw < b7t ﬂl H () (w/b)s—o—'dw =~ O (s74),
b b

so that Y4k + 0 as |s| ~ ». Hence it follows that P(s) = 0. It can be shown similarly that

P*(s) = 0. Hence, we have from (17), (18), and (21)

V.= — L+ DYK,, ¥ ——(L+DYK. (22)
or, reverting to the functions ¢4 and ¢
()= — b [ I T o oL NS N (l—gz—am@dc} 23
* K. | 20 qdve  C—s 2 gidie (C—9E—a) ]
. o—8+ie o—~0+ic
o (9= & { ! ez SUTAS. (dﬁ““—l)K_(C)dZ;}_ 24)
B K_{(s) 20U gbiw L— 200 i (E—8}(C—)

Relations (23) and (24) are integral equations for the analytical functions ¢4 and ¢_. We
will solve these equations for small values of the parameter g, which corresponds te the
asymptotic of a heavy layer of ground. We will first consider the expression

a-8-4i oo

! (1 _ gg—a) K+(§) dz;

23—” a—l—é-—ioo g'—— S

Mo (8) =

(25)

The contribution to the integral from the first term in the square brackets is
K, (s)(s —a) + K (@)/(@—s)].

To calculate the contribution from the second term we note that the function gC—a is analyti-
cal in the right half planme of ; and decreases as exp(¢ ln g). On the other hand, K (%)

extends Into the right half plane as a meromorphic function, which follows from the represen-
tation

K. (s) = K(s)/K_(s) = E ctg (n&/2)/K_(s) (26)

and the regularity of K.(s) in the right half plane. Denoting the poles and residues of this
function by sz and r:, we have

—1/2 82k w14 sHo? - 4k

. - a _
pg- 2 [ dkn?: +:[~—_.— th (/2 k] _ (27)
Then, transferring the contour of integration successively to the right we obtain
_ 1 a-+8+ico gg_a K ~2 gsn "“fn (28)
2ni a+d—iw (C_‘S) (E— O") 7=1{54 '—S) sn "‘“0‘)
It is obvious that as g ~ O the whole of this expression approaches zero as
+
gt (T —s) (s —a)l.
Hence,
Mo(s)= [K(8) — K (@)l/(s — o) + ¥ & " rll(s} — ) (s — a)]. (29)
n=1
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On the other hand, it is easy to obtain for the first term of Eq. (23)

i oo had —S+
L= LT R0 00 3 e (30)
200 gidie L—s 1=l S;l‘—s
But for real positive s
|<p;_(s)|=U h(w)ws—-ldw‘:: 2 = s [H(w) — H Jws—1dw } < 20%/(s —a), Res>a,
b} 2 yp
so that from (30) we have the estimate
s S+—-
<Y 26" " rfli(st — a) (st — 9. (31)
n=1
Hence it follows that as g +>
' bs—a — st
9, () = — [ KO—RE o= ]. (32)
K, (9) s5—a
It can be shown in exactly the same way that
as—e K__(S)——K__(CZ) x—sy ]
= + 0 ! ’
()= & 5 [ P (") (33)

where we have denoted the poles and residues in their meromorphic function K-(s) by sn and
rn (it is obvious that all the sy lie on the real axis to the left of the point s = «).
Hence, we have found the principal terms of the representations for ¢4 and ¢- (we denote
them by 92 and 92), Taking (p_,_ and 9° as the zeroth approximation, we can obtain ¢4+ and g.
from (23)-(24) with any required accuracy by iteration. Thus, to a first approximation,
using (30), we have

i =g [ 05 dine ]
+ K, —a 5T— S)(ST—T)K_.(ST) i
oL = £ [Kis) —K@ K, (e)die ]
K_(s) s—a (s7—s)s7— WK _(s7)
We will now determine the elements of the flow. According te (8) we have
1 bs—a __ gs—o
A(s)= i = —
v ()= (@4 o+ @)/ sin (n2) sin (n¢/2) [ s—a
Ku) — K@) o o, @™ K () —K.(® ] _ 1 [ K_(s)K (@) b= — K_(@®)K (s) a=* J
 (s—a)K () K_(s) s—a sin (n&/2) (s— o) K_(5)K,(5) (35)
(s, 6) = sin (0 + n/2) & [K_(S)K+(a)bS~a — K_(O&)K+(S)a5—a] . (36)
’ sin (wE/2) (s—a) K_(s) K (s)
Finally, we obtain
Hw, )=H,+h{w, Byuw*=H, -
i (37)

AH "7 sin(@ + m2)E [K‘(S)KﬂL(oz)bs*“—— K_(a)K+(s)aS—°°] s ds AH — H.— H.
i e 2sin(nt/2) (s—a) K_(s) K (s) ’ o

For the strength of the layer of ground R we obtain (the physical characteristics of the flow
are established from the equations given in [3])

2 BAH 1 T pohes _ guhes
= [ kw—h—1 Ho (w, 0)dw =
R [5 N o, O)d 2 2mi i’ a—k-—s5
[g cos (nf/2) K _(s) K (@) b*~* — K_(@) K (s) &~ ] ds = (38)
sin {nE/2) (s — o) K_{s) K {3)
kAH TETK_9)K (@)t —a—tg==) — K_(@)K,(5) (—hg—a—ah) 40
T 2% 1Y 2@—k—38)(s—a)
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We further have (1t = o + &8):

1 K QK@ oy L KK e
20 <1 (0— k—s) (s—0) 2 e (s + k) (5—)
_K@K@a* K@—bK@atg K, (@) X
k k
o r —‘gur‘s"_ —
" - — K (a—hgtlaHk+ ...
8 ;21(5',? —a) {s;—0o+ k) KoK= Ko — Bgt ek
1 K@K e g N K @ribhgne
21 e (@—k—35)(s— ) n=1{Sp—a + k) (sps— @)

1 7 K (@) K, (s)a*ds

T 2 e (s—a R (s—a)

=—K_(@) K (@) a Pk + K_(e) K (@— k) a*k.

As a result we obtain (as g -~ 0)
R = AHK (o) K (o — k) a—*/2. (39)

For the flow rate of the seeping flow we have

b Tf-i o0 P " - -
kAH (ba—h——s+1 — gO~k—s+1 ) [K_‘(S)K_'_(C(o)bs % K_(oc)K+(s)a5 a]
= —h d = d *
¢ kgw Hole, Odo == ,_-L 2@—k—s+1)(s—a) ’
This expression is exactly the same as (38), and consequently
Q = FAHIK_()K (o —k+ 1) — K (@ —k + 1) K (o) g* 12!~ [2 (k. — )] (40)

Finally, we obtain for the length of the dam L

LI2 = {w=H , (w, 0)dw = (Hy+ Hy/26* -+ X
b

x | [Hotws hw, 0))w~1dw = AH/25" -+ k j’w—k—“r“h (w, 0)dw, Res<<a— k.
b b -

or, by the definition of o,

L2 = kg, (@ — k) — AH/2b% . (41)

Note that Eq. (41) is accurate, without using the asymptotic nature of the solution. Substi-
tuting (32) into it, we obtain

K (e —k)— K (a) } AHK, (a)
L2 = * + 1| AH/9bR — — 2R
[ K {fa—k) opk K, (@—#&) (42)
Using the last terms of asymptotic (34), we have
_ AH K, (o) rtkK_(o)
L2 =— + .
2b* [ K (o—Fk) tif—at k) (st — a)K (e —R)K_(s]) & “} , (43)

where rt and ST are given by relations (27). As might have been expected, for large values
of d the value of 2 has only a small effect on the relationship between AH, L, and b.

The asymptotics obtained show that for a falrly heavy layer of ground with an accuracy

of the order of gst’“ when calculating the flow characteristics in the immediate vicinity of
the dam (the velocity distribution, the heads, and the moment of the pressure forces at the
base of the dam) one can use the solution of the problem of a dam in an infinite layer of
ground (however, when k == 1 this is not true for the discharge — see Eg. (40)), The corre-
sponding distributions were calculated for this case using the solutions obtained above with
a =0 (in view of the analogy between the problem of the flow around a groove and the flow
under a dam in a layer of ground of infinite depth, one could also use the solution obtained
in [4]). The results of the calculation are shown in Fig. 1 for H; = 0. Here we show the
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distribution of the head over the length of the dam for different values of k, and the tilt-
ing moment of the pressure forces at the base of the dam with respect to its middle point

NI 7
HIRNNGY L
43 \\ ’ //

01,72 %05 g6 2x/L 0 2 4 6 K
Fig. 1 Fig. 2
Fig. 1. Distribution of the head H along the length of the dam

for different values of k: 1) k = 8; 2) k = 6; 3) k = 4; and 4)
k=2,

Fig. 2. Curve of the tilting moment of the pressure forces M at
the base of the dam with respect to its middle point as a func-
tion of k[1) — £(k) = M/AHL®].

(Fig. 2).

NOTATION

H, generalized heat, m; w, seepage-rate vector, m/sec; ¢, a dimensionless function de-
scribing the seepage law; 6, the angle between the seepage rate vector and the Ox axis, deg;

R, the depth of the layer of ground, m; L, the length of the dam, m.
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